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e . | Paper No. 83-360. Satellite Orbit Theory for a Small Computer.* R.I. Abbot, Dept. of
-3 Earth and Planetary Sciences, MIT; P. Cefola, Draper Laboratory; S.F. Tse, Dept. of
A . Aeronautics and Astronautics, MIT; Cambridge, Mass.

»A computer program has been “put onto an LSI-11 microprocessor with 64KB of memory

.which can provide accurate ephemerides for GPS (Global Positioning System) satellites.

! - The satellite dynamics include averaged orbital element rates due to J2, tesseral

: - resonances, solar radiation pressure and third body perturbations from both the Moon and

i . the 'Sun. These rates are first integrated up to and across a satellite pass of interest,

and a two point Hermitian interpolating polynomial is established for each mean element.

“Short periodic Fourier coefficients due to J2 and the Moon and Sun are next computed, and

_— three point Lagrangian interpolating polynomials are established for them across the

; ‘pass. . Both sets of interpolating polynomials are finally used to provide osculating

orbxtal elements at arbxg;aty txmes durlng the pass.

A The modular form of the computer program anZ'the sequential structure of the theory

e " mean that no large portion of the program needs to exist in core at once. The use of

.- overlays, then, allows the small computer to handle the large program: )

S The computation of the interpolating coefficients for orbital element prediction

" during a satellite pass seven days beyond the epoch time takes about 100 seconds in real

- ‘time. Once the interpolating coefficients are computed the state vector of the satellite

2 ( at some desired time during the satellite pass can be obtained in less than 1 second of

' real tiwe. Comparisons with comparable runs with the Draper Lab GIDS R&D program have
Shown discrepancies in position less than 20 meters.

——— _~};h¢5Acomputer program includes an analytical Lunar/Solar ephemeris so it is self-
.contained except for input mean orbital elements. Partial derivatives have. been im~
*plemented which will give the capability to fit observations of the satellites and to
consequently obtain the necessary mean elements.

The program can be modified quite easily to handle synchronous satellites by modify-
ing the subroutine modules for tesseral resonant perturbations and lunar-solar short-
.periodics. With the present overlay scheme, considerable expansion of the program is
possible to obtain more accuracy and versatility.

*Research at MIT supported by U.S. Air Force Geégbysics Laboratory, Geodesy and Gravity
Branch, under contract F19628-82-K-0002. i
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Satellite Orbit Thecry for a Small Ccmputer

A computer program has besn put onto an LSI-1] ricro-
processor with 64KB of memsry which can provide accurate
ephemerides for GPS (Global Positioning System) satsllites.

The satellite dynamics include averaged orrital element
rates due to JZ' tesseral resonzances, solar radiaticn pressure
and third body perturbations from both the Mcon and the Sun.,
These rates are first intecrated up to and acrcss a satellite
pass of interest, and a two point Ezrmitian intzrpolating
polyncmial is established for ezch rean elerent, Short periodic
Fourier coefficients due to Iy and the Moon and Sun are next
computed, and three point Lagrangian interpolating polynomials
are established for them across the pass. Both sets of inter-

polating polynomials are £inally used to provide osculating

orbital elements at arbitrary %~imes Zuring th

i
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The modular form of the computer preogram and the sccguential
# structure of the theory mezn that no larc. portion of the prozram
Eﬁ% ) needs to reside in core &%t once. The use of overlays, then,
P‘-. .

allows the small computer %o hzndle the large procram.

The ccmputation of the interpsleating ccefficients for
orbital element predicticn during a sa%pllite pass seven days
beyond the epoch time takes about 100 seconds in real time. Once
the interpolating coefficients are cormputed the state vector of
the satellite at some desired time during the satellite pass can
be obtained in less than 1 s2cond of real time. Comparisons with
comparable runs with the Dracer Lab GTCS RaD progrzm have shcwn
discrepancies in position less thsn 20 meters.

The computer program includes an analytical Lunar/Solar
echereris so it is self-ccocntaired exceot for inout mean orbital

elements. Partial derivaetives have been irplemented which will

.
1
'

give the capadility to fi¢ chservaticns of the sztellites and to

conseguently obtain the necessary rean elerents.

The program can be modified guite easily to %“andle syn- ]
chronous satellites by moesifying the subrocutine rmcdules for
tesseral resonant perturtations and lunar-solar short-periodics.

wWith the present overlay schexe, c:insiderzble expznsicn of the

prograz is possible to obtain zors accurzcy and wversatility.
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INTRODUCTION

The motivation for this work came as a result of desiring
accurate ephemerides for GPS (Glcbal Positioning System)
satellites which could be computed on an LSI-11 microprocessor
with 64 KB of memory. The satellite ephemerides are recuired for
MITES data reduction which is done on the LSI comouter. MITES is
a system of miniature radio interferometer terminzls for the
measurement of baseline vectors on the ground by means of
interferometric observations of GPS satellites (Ref. 1).

A model was needed which would run reasonably fast and of
course would fit into the small ccmputer. Althouch not attzined
yet, our eventual accuracy goals are at the one part per million

level or better.

The rneeds of the MITES prsject seemed to best be satisfied
with the GTDS semiznalytical orbit rodel used on the AMTAHL
computer at Draver Labs. he zdvantage of using this tvce of
model over present analvticz2l (Gsneral Perturbations) theories is
the generality -of the force moZels which can be incorporated and
the ease with which these mocdels may be included or replaced.

The latter is important for *ailoring the full scale GT2S version
to the LST.

The tailoring study will be presented in mcre detail
following a general description of the rmodel. Following that the
various force models will be referenced and discussed. Then a

discussion of the corxputer prc3srar is civen followed by the

results of comparison with =cre coxzplete orbit theories.
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GENERAL DESCRIPTION OF THE MODEL

o."n P

We begin by giving a generzl overview of the rodel.

[4
p

P

e Yt

Instead of the more traditional Keplerian elerments the model

4
L

LI §

uses equinoctial elemcnts which are expressed in terms of the

)

Keplerian elements viz

a = a .
h = e sin(w + Q)
k = e cos(w + )
P = tan(i/2)sin(Q)
q = tan(i/2)cos(Q)
A =M+ v+ 0
where a = semimajor axis, e = eccentricity, i = iaclination, M =

| 3

mean anomaly, w = argumnent of pericenter, and = longitude of
ascending node.

These elements vary secularly with short periodic effects
superimposed. The osculating value of 2n elerent 2t some time is
therefore the sum of the mean value of the ele-ent and the short
periodic contributions. One method of corputing the osculating

values is with a three part model which incluies:

1) the computation of the mean values of the eletents;

"

2) the computation of the ccefficients fcr the Fourier
series expansions of the shcrt periodics of the elements; and

3) the combination of zhe resulis of “he ¢wo.
This is accomplished as fcollcws:

The mean values are deterzined £:rozm averazad rate ecuations

which are integrated with a fourth order Punge Ku:zta technique.

The rate equation for each elezent is the su= of individual rate
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equations due to the various perturbations. Th2 rate equartions
are integrated from a specific epoch (when iritial mean elements
are given) up to the beginning of a satellite pass. The typical
step size of the Runge Xutta integrations is 172 day. The rate
equaticns are then integrated in one step to the end of the pass.
Using the resultant eqguinoctial elements at the bSeginning and end
of the pass, a two point KHermitian interpolating polynomial is
determined for each element. This polynomial orovides the
averaged value of the element at any time during the pass.

The short periodic Fourier coefficients are ccrputed at
three epochs across the pass - the beginning, —iddle and end.
The Hermitian interpolaring polynomials are used to obtain the
mean elements required for the evaluation of “he short vericdic
coefficients. A sine and cosine coefficient for =zach of four
frequencies of A is computed as a sum over all ccntributing

perturbaticons. A three-opoint Lagrangian intsrccl

1]

ting solynomial

is then determined for each coefficient.

Finally, there is the construction of ths osculating eaqui-
noctial elements at a desired time during the czass, This is Gone
simply by:

a) obtaining the mean elenments from tha =Ear=itian
interpolators:;

b) obtaining the short oericdic coefficiancs
Lagrangian interpolators;

c) evaluating the Fourier series with tha shors periodic

coefficients and the mean values of A to ob%ain *he short

periodic perturbations in the elements; and
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d) &adding the mean elements to the short periodic variations

to obtain the osculating values.

TAILORING OF THE MODEL FOR A SMALL COMPUTER

The complete GTDS semianalytical theory provides 10 cm to 1
meter accuracy in comparison with a precision (Cocwell) numerical
integration of the GPS orbit (Ref. 2). The precision integration
was performed using a GTDS program as modified at Dreper (Ref. 3)
and included all the terms significant for GPS:

- 8 x 8 gravity field

- lunar-solar point masses

- solar radiation pressure.

Designing a tailored theory first means specifying
truncations for the rate eguations and for the short-periodic
models. The design of the tailored theory is greatly aiced by
output reports, from the GTDS semianalytical prczram, of the mean
element rates and the short periodic coefficients. Summaries of
these reports are given in Tables I (for the mezn element rates)
and IT (for the short-periodic coefficients).

In analyzing the data of Table I, the follcwing error bounds
were adooted:

(at) (2a) < 20 meters

(a)(et) (:H) < 20 meters

(a) () (ak) < 20 meters

(a)(At)(té) < 20 meters

(a) (at) (ea@) < 20 meters

(a) (at) (81) < 20 meters




GPS Averaced

Differential Fouations

Term ROM*, sec™!
-9
J2 x 10
Lunar-Solar x 1010
Point Masses
Tesseral x 10711
Resonance
Solar Radiation x 1¢711
Pressure
2 -13
J2 x 10

*ROM = Rough Order of Magnitugje
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GPS Short pPeriodics

Term Magnit .
J2 2 km
Lunar-Solar 200 meters

Point Masses
Tesseral M-Dailies 20 meters

Tesseral Linear 15 meters
Combination Terms

Solar Radiation 1S meters
Pressure
Jg 15 e
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where a, the semimajor axis of the GPS orbit is in meters and At
is an approximation interval in seconds. These bounds relate, in
a very rudimentary way, to bounds in the rzdial (h and k), crcss
track (p and q) and along track (}) errors. BAssuning a = 25559
km and At = 14 days gives zn element rate errsr bound

2a; < 6 x 10713, i
Based on this bound, we hzve currently adopnted all of the
averaged equation of motion models in Table 1 except for those
e for Jg. Higher degr=e zcnals (33, J4, etc.) were elimirnated
either due to the near critical inclination, the high zltitude
and small RE/a (where RE is the Earth radius) or the small eccen-
tricity of the GPS orbit. For the tesseral resonance, it was
known from a previous study (Ref. 4) that che (C,S)3'2 terms were
dominant. Thnerefore, t*e nominal tesseral resonance mcdel shculd

. e, include at least the (C,S}3 2 terms. Reference 4 and further
4

- study, which will be discussed below, also indicates that the

(C,S)2 2 and (C,S)4 P terms have to be inciuvded. Full recursi-ve
[ 4 e

models for the lunar-solzr point mass terms (kRef. S5) and a

- numerical averaging algcrithm for solar radiation pressure (Ref.
- ging G

6) were adopted for the testing.

o Based on Table II and the 20 meter recuirezent, it was

AR

"...‘ : : - - -

- decided to retain the Jz zcn2l short pericdics, “he P2 third-body
LY

”

short periodics and the *ess2rzl m-dailies. Further, it was
decided not to ianclude anv ¥Weazk-Tirme-Tesendzat (WTD) (2=2f. 7)
corrections to the third-tody short-periods. The WTD “ercs are
budgeted at 10 meters for the GPS case. It is estimated that the

P3 third-body short periodics are 15 meters for this case.



8 S T R T R N Y R W N T T T T e TR T AT AT T e T T T T '-'T
. R A A L R - RIS LW e e N

">

.-
Ta Y
o

r'.' L]

-10-~

D
I
U
.

e
'l "
e

L4

e
’

s

To examine the assumptions of the tailored theory, tests
were made ag2inst the GTDS precision numerical integration. The
procedure is as follows:

l. generate a truth ephereris with the precise nu-erical
integration (Cowell) with its ccmplete force models;

2. least sguares fit the *ailored. semianalvtical catellite
thoery to the truth ephemeris;

3. generate statistics and plots for the residuals be‘ween
the semianalytical ephemeris (using the adjusted intitial
conditions from the least sguarss fit) and the truth echereris
constructed in step 1.

The major results are given in Table III. The m-daily

tesseral short periodics were not included in this testing.

AVERAGED RATES AND SHORT PERICDICS

with the exception of solzr radiation pressure, the force
models and development of the averaged rate eguations and short
periodic expansions for the perturbations have teen doci~ented in

the literature. With regard to these then, we will onlv show a

table of references (Table IV) and make a few specific czm=enats

-

o
th

»e

about their implementaticn cn the LSI. A sir ied analytical !

'

model has been implemented for the solar radiation pressure
averaged rate eguaticns. As this contribution %o the theary has
not been docurented in the lit=srature, the =atherztical
developrent will be briefly siu—<arized.

Two forms of the J2 averazed rate equations were constructed

for the LSI model - a truncated form and a closed form in the
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Tasseral m-dailies Refs, 2, 8 & 9
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eccentricity. The forms afe nearly identical except that th
closed form has an additional factcr of X to a power where X =
1//{—h2—k2. Little is gained with regard to accuracy by using
the closed form, but on the other hand little time is lost
computationaliy. Therefore the clcsed form has been acopted.
Initially it was felt tha%t due to the low eccentricity of
the GPS satellites (e < 0.009) the Fourier expznsions of the Jz
short periodic generator need include just 3 fregquencies of 1.
Early testing of the LSI model agzinst the GTCS model for a GPS
satellite with e = 0.003 seexed to indicate thzt this was a gocd

assunption. 1In tests involving a GPS satellite with e = 0.009,

however, discrepancies larger than expecteé occurred. These were

eventually eliminated by includiang 4% freguency terxms in the
Fourier excansions.

The rate equations that were constructed for the tasseral

"
bo

n the eccen city.

r
Q

resonances were all truncaced *o 0th orde

(3]

[A]

vy
(3%

The tesseral m-daily model has not been fully implexente

(o1
pte
=2

the LSI yet and so the results which will be presented belcw do
not contain their efface.

The ccaputation of the averzged diZfsrential ecguat

'YH
[¢]
3
n
24
o)
39

(¥
o

-
-

n

short periodics for the lunar-sclar perturtaticns res:
epnemerides for the Moon and Sun. For the LSI =odel we decided
to utilize the low precision Fourier series formulae of T. C. van
Flandern and K. F. Pulkkinen of the USND for the geccen:ri
posit{ons of the Moon and Sun (Pef. 12). The crigizal code is

very lengthy, requiring = 24#B for the Mcon and = 4.3K8 the Sun.

Therefore, for the initial izplementation of the gsn0 lunar/solar

. -'."'.'.*\-x-\-..-\.\*. AR .h\
e T e e e e e e e T e vl A A
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ephemeris on the LSI, we used a truncated form of the formulae
due to Belastock (Ref. 13) which deleted terms of order x 10 %

-5 i . . .
and x 10 ", In a study similar to that which was usecd “o prepare

Table 111, Belastock showed zn error of about 20 meters due to

0
3
O
23
1

this truncation. Eventually we were able to fit th
truncated series expressions into the LSI (by brezkxing th
subroutine for the Mocn into four sections and overlayving each
" part against the other), and eliminated this source of error.
The following briefly reviews the cdevelopment of th
simplified analytical model for sclar radiation pressuras. We

ts

('

Pt

should point out that the only new aspect of this model Is
development in terms of equinoctial elerents.
For special perturbkation integrators such as the GT3IS

system, the solar raciation pressure is modeled with the Zformula

(Ref. 14).

2 CR” §‘.’S
R., = vP.R
SR S sun 3
m | Rygl
where
v = eclipse factor, :
{
Ps = (mean solar flux at 1 AC)/(soeed of light),
Rsun = 1 AQ,
CR = 1 + surface reflectivity,
A = effective area,
] = mass,
<> -> -
R = v - R_ where

vs S
> - - - 3
r = position vecter of the scacecrzft in irers

bt
[T}
[

coordinates

N e Y,
SV GARCHIEARE A SRIENS )
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o2 d
]

S position vector of the Sun in inertizl
coordinates. .

In the following the satellite is zssumed to alwzvs te in

C_.A
sunlight so that v = 1 and the factecr PSRZ R_ s constant.
sun m
With
c_a
_ 2 R
then
R = _Efz§_
SR - 3°

The geometrical situation is similar to a third bo3v mass

verturbation where the Farth-center *o satellite distance is very

small relative to the Zarth-center to third body fistanca2. This

leads us to write the equivalent éisturbing cotentiazl (P=f. 15)
- =T
Usg = —7

where A as usual is written

2_2r 1/2
R

S

. > . * .. N .
and ¢ is the angle between r anc Es. With the Legendre erxopzansion

bs

= r
4 = Rs[l + (Rs) cosv]

(Ref. 16), we obtain the disturbing potential

r T . .°
1) 0] = — I (%) P_(ccs?).
SR Rs n=1 RS n

The limitations of this equation are:
1. the surface reflectivity {3 cznstans
2. the cross-sectional area cergandicular <2 ¢=e flux is

constant;

3. the satellite is not eclipsed,

: -" C- . . -“ -.- -.' ~\ -
kY

~

''''' O A

-t -.-' o
e e atnatad at et At e
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The third assunption means that during eclipsing periods the
potential cannot strictly account for solar rediation orassure.
For GPS satellites these periods occur for 4-5 weeks twice a
year,

The z:bove assumptions ané the smallness of r/Rs succests

that equation 1) be written: -
-Trcosv¢ -T(R ';)
2) U = - S
SR RZ RZ
S S

Four more stages of algebra lead to the éesired differential
eguations:

1. substitution of RS = af + g + yw and r = (rcosL)f +
(rsinL}g into equation 2) where a, 8 and Yy are the direction

cosines of the Sun relative to the equincctial f, g, w reference

system;
2. averaging over the —ean leoncitude L;
3. taking partial derivati-ves of Teg with respect %o a, h,

k, a and 8:;
4. substituting these rssultant expressions into ecuation
(3-71) of Ppef. 17).

The final expressions are:

da _

3t ° 0

g% = Va[ga + %%(hq - kp)1
Sk = varls + 33(ha - xo))
dn

|

_ C
gt = Valzmp) Py

= Va(oep) Ky

2 )
= Va[-F(ak + Bh) + po—r(ha - kf) + Xo(%g - kp)]
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PARTIAL DERIVATIVES

The purpose of computing tartial éerivatives in the mcéel is
to determine from data, in a lezst scuares sense, the mean
elements at epoch. The datz czn be in two forms:

- observations

- satellite state vectors generated by nurericzl integra-
tion.

If one if fitting to numerical

[
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ct
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18]
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41}
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Q
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f
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expression for the partial is

J
t .
to

Ix, x - ax, X . alosc. el=.)| | 3a(mean elz.V|
3 (mean eim.) | 3{osc. 2.=., | 3(sezn einm.) | 3(mean eix.j}|
to t t

The first matrix on the right of this equation is éerived frozx
two body equations (Ref. 7), th2 sz=cné matrix for ocur purposss
is the identity matrix and the thirZ -atrix has variational
equations (Ref. 7) which must T2 Intagrated via Runge Kutta at
the sare time that the averzssd -:zt2 aguazions are irtegrated in
the model.

If one is fitting to obser-s-iszns one has

3 (obs.) L 2lobs.) x, X
? (mean elm.), 3x, % i(z=z2n elm.), °

- - RS W, L e e .-
- . - -
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THE COMPUTER PROGRAM

The LSI-11 has 64 KB of main nemory. épproxi:ately 8 KB of
this is occupied by system routines leaving 56 KB for the
program to be executed. Fortunately, due to the overlay
capability of the LSI, this is not the upper limit to thme size of
a program. A program using overlays ca; be consicderzbly larger
than would normally fit into the central memory since portions of
the program reside on disk.

The basic requirement for defining an overlay structure is
that only relatively small parts of the program be regrireé for
execution at any one time. An attractive feature of the semi-
analytical model for implerentation on a small coxmcuter is the
sequential nature of its ceomputations which makes it guite
suitable for overlaying. Ficures 1, 2, 3 and 4 show the
subroutine structure of the crogram., Each diagram is a cemplete

path of ccmputations reguiri

3

3 only the end results of =
previous diagrams. Within each diagram, as well, 2 &istinct
sequential structure is clear.

On the LSI the overlay structure which we set up consists of

a root and three overlay rezions. The root contains thcse parts
of the program that =ust 3lways reside in memory which in our
case is the main prozram and a3 f2w global subroutines. <tach of
the three overlay regicns con<t2in a nurber of sec—2n*s. Tach
segment consists of a group of scbrottines which are inéependeng
of subroutines in other secments of that region, i.e. frox one
segment of the region one can't call a routine in arother segment

of the same region. This is irportant since only one segzent
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from a region can be resident in central memory at a tire
Otherwise the return path to the main procram would be Zostroved.,
It is nccessary though to make use of the fact that sezments in
one region can make calls to routines in segrments o0f otrar
regions, This is why three rezions were estzblished. Ficure 5
shows how the overlay regions are constructed and interlinked.

In going to a small comput=r cne expects a lonz=2r execution
time for the program. The tizming of the prograx='s exec:ction is
separated into two parts: 1) the tize recuired to set up all of

the interoolaticn coefficients - =100 seconéds; and 2) the tinme

During the develocment cf *he L35I ~cisl twd tvoes of
ccmparisons wer2 macde for debuzzing the zrozrar ané f2r checking
the error level

- comparison with the GTCS se=iznaivtical wodel

- comparison with numerical intezrztion.

Most of the comparisons with the GT3S moldel were for
debu3yging purposes since the 3veragesi rzte ezuation 223 short
periodic computations could te individczlly checka2d fcr each
force model. The most significant czzczrison was =23e against a
7 day GTDS run where both models ussi the sz-2 Initizl zean
elements. Agreement in positicn durinz the 7 3av scan was on the
order of 20 meters.

For examining the error level of *he LSI model, comparisons

CHREESL R P S
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were mostly made against numerical in*ezration. Two possible
numerical integration progrars existed for the purrose of

comparison - the GTDS system already —en

tr

icned ard PEP (Ref, 18)
which is used at MIT and is, as GTDS, 2 fuvll blown model. As
transfer of comparison files from the PIP cowputer program to the
LSI was more convenient than from the AMDREL, PEP was used.

Given a set of high precisicn orbital elements at epoch, a
corresponding set of initial mean elerents must be detercined for

the semianalytical model. It is important

«r

YN

o obtain these mean
elements accurately since errors in them lead to a secularly

increazsing prediction error. A least scuzres diffsrential

( 1)

corrzection algorithm is used *hat solves for the eonoch mean

elements based on the fit of a semiznzlytical trajectcry to the
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a single point conversion method. Hers the short zeriocics of
the model are computed at the epoch and subtracted from the
osculating elements. PEP was used to gensrate the high orecision
ephemeris for a fit span of 36 hours with a 22.5 minute spacing.
Using the mean elements thus obtained, a semianalytical
trajectory was generated again - this fire for cc-carison pur-
poses with the PEP ephemeris. Eﬁgf. £, 7 ané 38 show respectively
radial, alonag track and cross track cc-cariscns with PEP over the
36 hour fit spvan. Fiags. 9, 1T and 11 s=<ow coroarisons over the

36 hour fit span and the 36 hours tevenZ the fit soan, The

1
(o1}

-

latter three figures show an expazniint envelope of the residuals

-

with time. This is due to various molel Zifferences. It appears

that the error level of the LSI model is on the order cf 2 pom.
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FUTURE WORK

With the present overlay structure we have the flexibility
of improving the accuracy of the model by incorporating some of
the force models we have so far omitted. We would eventually
like to handle solar rac¢iation pressure.in a more complete manner
since this is an important effect for the high altitude GPS
satellites. The program can be quite easily suited to syn-
chronous satellites by modifying the subroutine mocdrvles for
tesseral resonant perturtations and the lunar-solar short-
periodics. Finally, we have immediate plans to fit real
observations with the LSI model in order to determine initial

mean elements,
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